By means of the solution of the equations of ordinary and two-liquid hydrodynamics, we study the oscillatory eigenmodes in isotropic nonpolar dielectrics He I and He II in the presence of a weak alternating electric field E = E0iz sin (k0z − ω0t). The electric field and oscillations of the density become "coupled," since the density gradient causes a spontaneous polarization Ps, and the electric force contains the term (Ps∇)E. The analysis indicates that the field E changes the velocities of first and second sounds by the formula uj ≈ cj +χj E 2 0 (where j = 1, 2, cj is the velocity of the j-th sound for E0 = 0, and χj is a constant). We have found that the field E jointly with a wave of the first (second) sound (ω, k) should create in He II hybrid acousto-electric (thermo-electric) density waves (ω + lω0, k + lk0), where l = ±1, ±2, . . .. The amplitudes of acousto-electric waves and a change in the velocity of the first sound should resonantly increase at definite frequencies ω and ω0. These solutions can be verified experimentally.
Introduction
It is well known that the external electric field E ext polarizes an isotropic dielectric [1, 2] .
The measure of such polarization is the dielectric permittivity ε. In addition, the isotropic nonpolar dielectric can polarize itself spontaneously. The spontaneous polarization related to the acceleration and the density gradient was theoretically studied, respectively, in [3, 4, 5, 6, 7, 8] and [3, 5, 9, 10, 11, 12] . The density gradient causes the spontaneous polarization, because two nonpolar atoms polarize each other [13, 14, 15] . It was shown [16] how the spontaneous polarization of an isotropic nonpolar dielectric should be taken in Maxwell equations for a medium into account.
The electric properties of such isotropic nonpolar dielectrics as He I and He II were experimentally studied in a number of works. In the experiment by A.S. Rybalko it was found that the standing half-wave of the second sound in He II is accompanied by an electric signal [17] . This effect was confirmed in subsequent experiments [18, 19, 20] . A lot of theoretical explanations (of various degrees of plausibility) of the Rybalko's effect were proposed [3, 7, 8, 10, 21, 22, 23, 24, 25] . An analogous effect for the first sound was predicted theoretically [23, 24] and then was found experimentally [26] . The attempt to explain this effect was also made in [8] . We note that, for first and second sounds, the electric signal was not observed at T > T λ . It is natural for the second sound (that simply does not exist at T > T λ ), but it is strange for the first one. We note also that a supernarrow absorption line at the roton frequency was found in experiments with an electromagnetic resonator imbedded in He II [27, 28] . Several models were proposed to explain this line [29, 30, 31] .
The second-sound wave induced by an alternating external field E ext was observed in [17] .
However, this effect was not corroborated in [32] . In what follows, we will study theoretically the influence of an external alternating electric field E ext on the eigenmodes of He I and He II and will show that the field leads to several interesting effects. In Sections 2 and 3 we present the results of calculations. The physical consequences and experiments will be considered in Sec. 4.
Nonsuperfluid liquid dielectric (He I)
Consider an isotropic nonpolar liquid dielectric in an alternating electric field. The motion of an ideal liquid is described by the equations [33, 34] ρ∂v/∂t + ρ(v∇)v = −∇p + F,
∂ρ/∂t + div(ρv) = 0,
where ρ is the density, p is the pressure, v is the velocity, and F is a nonmechanical force per unit volume. In our case, the force F is induced by the electric field E:
Here, two first terms were obtained by H.L. Helmholtz (see [1] ), and the rest ones are related to the spontaneous polarization and are found in [16] . We will consider only nonpolar liquids and gases. Then the dielectric permittivity ε satisfies the Clausius-Mossotti formula [2] ε−1 ε+2 = 4π 3 nβ (here, β is the polarizability of a molecule, and n = ρ/m). For the gases and some liquids, including He I and He II, ε is close to 1 [35] . Then ρ∂ε/∂ρ ≈ ε − 1, and formula (3) takes the form F = ε − 1 8π ∇E 2 + (P s ∇)E + (a − 1)∇(P s E) + 1 2 rot(P s × E).
As was mentioned above, the spontaneous polarization P s of an isotropic nonpolar dielectric can be related to the acceleration and the density gradient. We note that the available calculations of the polarization caused by the acceleration are rather rough [3, 4, 5, 6, 7, 8] .
The motion of an element of the liquid dielectric volume in an acoustic wave is accompanied by the acceleration and the density gradient. If we subtract the contribution related to the density gradient from the total polarization, we get the part of the polarization which is caused only by the acceleration. According to the estimations made in [5] , this part should be much less than the polarization caused by the density gradient. This is related to the fact that the electron shell of a nonpolar atom is hard to be stretched. In view of this fact we will neglect a possible polarization caused by the acceleration. The polarization caused by the density gradient was studied theoretically in works [3, 5, 9, 10, 11, 12] . It can be accurately evaluated [5, 9, 11, 12] on the basis of the formula for a mutual polarization of two nonpolar atoms [13, 14, 15] . Additionally, we need to average over different configurations of atoms, which gives the following formulas [5] :
where a = 1,r
, a B =h 2 me 2 is Bohr's radius, D 7 is the atomic constant [13, 14, 15] , and ς ≈ 7.5 for He II [5] . For He I, the value of ς should be almost the same. Indeed, ς depends on the pair correlation function g(r) [5] , and the latter is almost independent of the temperature, if T = 1-4.27 K [36] . We note that the value of ξ was determined in [5] with wrong sign. In formula (5), we took the relation S 7 ≈ 15(n/n 0 ) 4/3 into account [see Eqs. (28) and (29) in [5] ] and assumed that the deviations of the particle number density n(r) from the mean value n 0 are small. The number a in formulas (3) and (4) is the same as in (5) .
We note that the spontaneous polarization (5) is caused by the interaction of atoms and, therefore, exists at any temperature: in He II, He I, and gaseous helium at high temperatures.
We now determine the influence of an external field E ext = E 0 i z sin (k 0 z − ω 0 t) on the eigenoscillations of a liquid. The total field E in (4) is the sum E ext + E own , where E own is the field created by the dipoles of a dielectric. We can roughly consider that E own ∼ P, where P = P i +P s , and P i = (ε−1)E/(4π) is the induced polarization [16] . Since (ε−1)/(4π) < ∼ 0.004 for helium-4 [35] , we can neglect the field created by induced dipoles as compared with E ext .
Below, we will see that the field created by the spontaneous dipoles is also low. Therefore, we
The force (4) contains three terms, in which the field E "couples" with P s . Since P s ∼ ∇n(r), the electric field must create some density wave in the medium. We consider it to be weak and the perturbations of parameters of the system to be small. Therefore, we seek the deviations from the unperturbed values in the linear approximation. Let the unperturbed system be characterized by the parameters ρ 0 , p 0 = const, and v, E = 0. For the perturbed system, we take the velocity v to be nonzero and small. We set ρ = ρ 0 + ρ ′ , p = p 0 + p ′ , E = E 0 i z sin (k 0 z − ω 0 t) and take into account that the ideal liquid moves adiabatically (s = const). Therefore,
where c 1 is the sound velocity [33, 34] . First, we set P s = 0 in (4). Equations (1) and (4) imply that the velocity must be directed along the field E: v = vi z . In (1) and (2), we remain only the terms linear in ρ ′ , p ′ , v and get the following equations for small perturbations:
We set v =ṽ cos (kz − ωt + α), ρ ′ =ρ cos (kz − ωt + α). For E = 0 Eqs. (6) and (7) yield
ωρ − kρ 0ṽ = 0.
From whence, we obtain the sound dispersion law: (7) contain the driving force. The corresponding solution takes the form
2ω 0ρ0,2 − 2k 0 ρ 0ṽ0,2 = 0,
and we get the amplitudesρ
Now, we consider the terms with P s in (4). In this case, (2) leads, as before, to (7) , and the linearized equation (1) with force (4) takes the form
For the wave ρ ′ =ρ cos (kz − ωt + α) the right-hand side of (13) can be reduced to the form
where k 1,±1 = k ± k 0 , ω 1,±1 = ω ± ω 0 . With regard for (14) , we find that a solution of Eqs. (7) and (13) can be sought in the form
where k l,i = lk + ik 0 , ω l,i = lω + iω 0 , and the phase α is any real number. We substitute expansions (15) and (16) in Eqs. (7) , (13) and consider relation (14) . Then (7) and (13) take the form
where l, i run the values l = 0, 1; i = 0, ±1, ±2, . . . (except for l = i = 0). In this case, q 0 = 0, q 1 = 1. Equations (17) are satisfied, if A l,i = 0 and B l,i = 0 for all l, i. As a result, (7) yields the equations
Moreover, (13) leads to
where j = 3, 4, . . ., i = ±1, ±2, . . .. To solve Eqs. (18)-(23), we consider that the electric field is weak, and E 0 is a small parameter. It is convenient to introduce the phase velocity
The system of equations (19)-(24) is separated into two independent systems: for the harmonics (0, i) and for the harmonics (1, i). In Eqs. (19)-(21) we presentṽ 0,i in terms ofρ 0,i with the help of (24). The solutions for the harmonics (0, 1), (0, 2), and (0, 3) are as follows:
where c = ω 0 /k 0 is the velocity of light in a dielectric. The mode (0, 2) is dominant, and the remaining modes are weak:ρ 0,1 ∼ρ 0,3 ∼ E 3 0 ,ρ 0,4 ∼ E 4 0 ,ρ 0,5 ∼ E 5 0 , and so on. Moreover, the amplitudesρ 0,i ∼ E i 0 with i ≥ 4 and i ≥ 6 must include the contributions, respectively, from the nonlinear termsρ 0,i 1ṽ 0,i 2 andρ 0,i 1ṽ 0,i 2ṽ 0,i 3 [from Eqs. (1) and (2)], which were neglected. Solution (25) coincides with (12) .
Consider the chain of equations (22) , (23) for the harmonics (1, i). Let us setṽ 1,i = u 1,iρ1,i /ρ 0 and ω 1,i = u 1,i k 1,i here. Then (22) and (23) take the form
where i = ±1, ±2, . . .. With regard for the smallness of E 0 , relation (29) gives the recurrence
(i = 1, 2, 3, . . .). Using them, we can express allρ 1,±i in terms ofρ 1,0 . We consider the quantitỹ ρ 1,0 to be known. It represents small fluctuations of the density related to thermal phonons (ω, k).
We note that the relationsρ 1,i ∼ E |i| 0ρ1,0 andρ 0,i≥3 ∼ E i−2 0ρ0,2 ensure the convergence of series (15) at sufficiently small E 0 . (31] in (28), we get the formula for the sound velocity |u 1,0 | ≡ |u|:
For a = 1 we get
We consider the quantities k 0 and ω 0 to be positive (this can always be attained in the formula E = E 0 i z sin (k 0 z − ω 0 t) by the choice of a direction of the axis z). We also consider k of phonons inρ 1,0 cos (kz − ωt + α) to be positive. In this case, the angular frequency ω = uk can be positive or negative, since the phase velocity u can have different signs. From (32), we get two solutions:
Thus, we have found the solutions for eigenoscillations of the density for a nonsuperfluid liquid dielectric placed in an alternating electric field E = E 0 i z sin (k 0 z − ω 0 t).
As was mentioned above, the electric field E s induced by spontaneous dipoles can be neglected. This is seen from the formula E s ∼ P s = (ξ/m)∇ρ ′ and from the fact that the main contribution to ρ ′ is given byρ 1,0 andρ 0,2 . We neglect the contribution ofρ 0,2 due tõ
The above solutions possess interesting properties. The modes (0, 1), (0, 2), (0, 3) (25)- As the field E increases, the modes (1, ±2) and the following ones (that are weaker) increase as well.
Consider the hybrid modes in more details. For oscillations of the density which correspond to an equilibrium ensemble of quasiparticles,ρ 1,0 is small. Therefore, the amplitudesρ 1,±i ∼ E |i| 0ρ1,0 (i = 1, 2, . . .) should be very small. That is, the modes (1, ±i) should be very weak. In this case, the modes (0, i) cannot be observed with the help of an acoustic resonator, because the wave length is much larger than the resonator length for reasonable frequencies.
However, the hybrid modes (1, ±1) and (1, ±2) can be observed with an acoustic resonator.
For this purpose, we need the intense sound (ω, k) and electric (ω 0 , k 0 ) waves. According to the solutions, the modes (1, ±1) should be stronger than the modes (1, ±2). The acousto-electric modes ("acouelons") (1, ±1) have rather unusual properties. The mode (1, 1) is a wave with frequency ω + ω 0 and with wave vector k + k 0 . If ω 0 ∼ ω, then k 0 ≪ k and k + k 0 ≈ k.
Therefore, if the wave vector k + k 0 is close to k, the frequency ω + ω 0 can be any one, in fact, from the interval ]ω, 10 5 ω[. In particular, for 10 2 ω < ∼ ω 0 < ∼ 10 5 ω, we have k + k 0 ≈ k and ω + ω 0 ≈ ω 0 . Such acouelon has the wave length close to that of a sound wave (phonon) and the frequency close to that of an electromagnetic wave (photon). The modes (1, −1) have similar properties as well.
In addition, the solutionsρ 1,i andρ 1,−i (30), (31) are characterized by a parametric resonance, respectively, at
and
At i = 1, if any of these conditions is satisfied, we get a resonant growth of χ (33).
Of course, solutions (30) and (31) are wrong near the resonance point (i.e., as δ → 0). In order to get a solution at the resonance point, we need to consider the viscosity in (1) and the nonlinear terms in (1) and (2), as well as in the chain of equations forρ 1,±i following from (1), (2) . In such approach, the solutionsρ 1,±i and χ should be finite at the resonance point. In order to get solutions near the resonance, we should use methods of the theory of nonlinear oscillations. We will restrict ourselves by solutions (30) 
We consider |δ| to be not too small, if |δ| ≫ |u| ≈ c 1 , according to (32) and (38) .
For the modes (1, 1) and (1, −1), we consider a neighborhood of the resonance corresponding to not too small |δ|. Condition (37) is equivalent to two conditions: u 1,−1 = −c 1 (1 + δ) or u 1,−1 = c 1 (1 + δ). In the first and second cases, the phase velocity u 1,−1 is, respectively, negative and positive. Let u > 0. The first condition yields the relations
From the second condition we get
where ζ = 1. Since |δ I | ≪ 1, the value of k 1,−1 (40) is much larger than k 1,−1 (39) . For the real electric waves, the values of k 1,−1 (40) are very large and should go beyond the phonon region of the spectrum. Therefore, we do not consider solution (40) . and k 0 → ik 0 :
Formulas (41) describe a near-resonance solution for the modes (1, −i) with i = 1, 2, . . ..
For u < 0, condition (37) gives solutions with k < 0 (what is unphysical) and k > 0 (but k are too large and go beyond the phonon region).
Condition (36) can be written in the form u 1,i = c 1 (1 + δ) or u 1,i = −c 1 (1 + δ). In the first case for u > 0 and i = 1, we get solution (40) with ζ = −1 and the change (1, −1) → (1, 1).
Here, we go outside the phonon region of the spectrum; we have the analogous situation for i = 2, 3, . . .. For u < 0 the solution reads
It differs from (41) by signs of the phase velocities u and u 1,i . In this case, the value of χ is set by formula (38) , like for solution (41) . The second case, u 1,i = −c 1 (1 + δ), is possible for u < 0. But here, the solutions are characterized by k outside the phonon region.
Thus, we have found two near-resonance solutions: (41) and (42) . For clarity, let us consider the behavior of solutions, as the phonon wave vector k increases. For k ranging from the smallest value k = π/L (L is the resonator length) to k = 10 5 k 0 , we have |u 1,±i | ≫ c 1 at any i. Therefore, the values ofρ 1,±i and χ are comparatively small, and the sound velocity |u| ≈ c 1 . However, at k ≈ k 0 c 2c 1 ∼ 10 6 k 0 , the relation |u 1,±1 | ≈ c 1 holds, and the quantitiesρ 1,±1 and χ increase in the resonance way. In this case for solutions (41) and (42), we have δ, χ > 0 at k < k 0 c 2c 1 and δ, χ < 0 at k > k 0 c 2c 1 . Therefore, by (35) , the phonon energy |ω(k)| must be somewhat higher than c 1 k at k < k 0 c 2c 1 and somewhat lower than c 1 k at k > k 0 c 2c 1 . Near the point k ≈ k 0 c 2c 1 , these deviations can be large. And at the very point k ≈ k 0 c 2c 1 , the phonon dispersion curve |ω(k)| should be discontinuous, and the amplitude |ρ 1,−1 | should sharply increase. At k > k 0 c 2c 1 , we leave the resonance region, as k increases. Near the points k ≈ ik 0 c 2c 1 (i = 2, 3, . . .), the amplitudesρ 1,±i have resonances.
Superfluid liquid dielectric (He II)
We now consider the analogous problem for superfluid He II. The equations of hydrodynamics for He II describe the motion of the normal and superfluid components [34, 37] :
∂ρ/∂t + divJ = 0,
∂(ρs)/∂t + div(ρsv n ) = 0, Let the equilibrium system be characterized by the parameters ρ 0 , p 0 , s 0 , T 0 = const, v s = v n = 0, and Ω = 0. We now find the eigenmodes of the system in the presence of a force F = −ρ∇Ω. As usual, the sound and thermal waves are considered as small deviations from the equilibrium. Therefore, we consider v s and v n to be small and ρ, p, s, and T to be close to the equilibrium values. Then, from (43)-(46) we can pass to the linearized system
∂(ρs)/∂t + ρs · divv n = 0,
Equations (48)-(50) and the thermodynamic relation [34] 
In addition, Eqs. (47) and (48) lead to the equation [37] ∂ 2 ρ ∂t 2 = △p + ρ△Ω.
We set ρ = ρ 0 + ρ ′ , p = p 0 + p ′ , s = s 0 + s ′ , T = T 0 + T ′ , where ρ ′ , p ′ , s ′ , and T ′ are small. Then it is convenient to write Eqs. (52), (53) in the form [37] ∂s ∂p
These are the basic equations which will be analyzed in what follows. They differ from the Landau's equations [37] by the additional term ρ 0 △Ω chracterizing the influence of the electric field on the eigenmodes.
We write the perturbations p ′ and T ′ in (54), (55) as p ′ =p cos (kz − ωt + α) and T ′ = T cos (kz − ωt + α) and use the relations [34] ∂ρ ∂p
Then, instead of (54) and (55) we get
where u = ω/k. For Ω = 0, Eqs. (57) and (58) and formula [34] ∂ρ ∂T | p ∂s ∂p
yield the well-known equation for the velocities of first and second sounds [34] :
where
We note that the electric field E = E 0 i z sin (k 0 z − ω 0 t) depends only on the coordinate z and the time. It is clear from the symmetry that, for the infinite system, ρ ′ , p ′ , s ′ , and T ′ should depend only on z and t as well. Let us set ρ ′ =ρ cos (kz − ωt + α). Then the force (4) can be represented in the form F = −ρ∇Ω, where
and k 1,−1 = 0. For k 1,−1 = 0 the term k 0 k 1,−1 cos (k 1,−1 z − ω 1,−1 t + α) should be replaced by k 0 z sin(ω 1,−1 t − α).
We seek the solutions for ρ ′ , p ′ , s ′ , and T ′ in the form of expansions analogous to (15) , (16) .
In this case, Ω acquires a rather awkward form, but it can be easily found with the help of (62). We substitute the formula for Ω and the expansions for p ′ and T ′ in (54), (55). With regard for formula (56), Eqs. (54) and (55) take, respectively, the forms l,i A l,i cos (k l,i z − ω l,i t + q l α) = 0, l,i B l,i cos (k l,i z − ω l,i t + q l α) = 0.
(63)
Here, analogously to the previous section, l = 0, 1; i = 0, ±1, ±2, . . . (the case l = i = 0 is excluded), and q 0 = 0, q 1 = 1. Equations (63) are valid for A l,i = 0, B l,i = 0 for all l, i. In such a way, relation (54) yieldsT
where u l,i = ω l,i /k l,i . Moreover, Eq. (55) yields the following chain of equations:
where j = 3, 4, . . . , i = ±1, ±2, . . ., and u 0,1 = u 0,2 = . . . = u 0,j = c. We solve Eqs. (65)-(69) similarly to Sec. 2. We substitutẽ
into the right-hand sides of those equations and then presentT l,i in terms ofp l,i with the help of formula (64).
At small E 0 , Eqs. (65)-(67) yield
where we denoted
The remainingp 0,j are very small:p 0,4 ∼ E 4 0 ,p 0,5 ∼ E 5 0 , etc. With the help of formulas (64) and (70), we write (68), (69) as the equations forp 1,i :
where i = ±1, ±2, . . .. At small E 0 , formula (76) leads to the recurrence relations 1, 2, . . .) . These relations allow us to presentp 1,±i in terms ofp 1,0 . Like in Section 2, we consider the quantityp 1,0 to be known. We now substitutep 1,1 (77) andp 1,−1 (78) in Eq.
(75), reduce both sides of the equation byp 1,0 , and determine the dispersion relation
where u ≡ u 1,0 and
For liquid 4 He the quantity C p /C V − 1 is very small: 0 < C p /C V − 1 < ∼ 0.0005 for the He II temperatures and pressures < ∼ 0.1 atm [35, 39] . Therefore, it is convenient to write (79) in the form
where δ u is small (0 < δ u ≪ 1) at sufficiently small E 0 . From (82) we get the solutions for the velocities of first and second sounds:
We have found the solutions for eigenoscillations of the pressure in a superfluid dielectric placed in the electric field E = E 0 i z sin (k 0 z − ω 0 t).
We now verify whether the solutions for He II pass into solutions for He I as ρ s → 0 (c 2 → 0). At C p = C V and c 2 → 0, (79) yields (32) . Turning c 2 → 0 and u → c 1 (80), it is easy to see that formula (80) passes in (33) . In reality, we have C p = C V . Therefore, the solutions for He II do not pass exactly into solutions for He I, which is related to the fact that the first sound in He II is not quite identical to the ordinary sound in He I.
Formulas (77), (78), (80) imply that the quantitiesp 1,±1 and χ should resonantly increase as G 1,±1 → 0. To find solutions in a neighborhood of the resonance, we set G 1,−1 = 2δ (or G 1,1 = 2δ). Like in the previous section, we consider |δ| to be small, but not too small
. Then the condition G 1,−1 = 2δ is equivalent to four possible solutions for u 1,−1 :
where 2δ 1,−1 = 2δ + 1 − C V /C p . The situation is analogous for the condition G 1,1 = 2δ. By analyzing these solutions, we should take into account that the phase velocity u in (83) and
(84) can be positive or negative. In such a way, we find the following near-resonance solutions with positive and not too large (phonon) values of k for the modesp 1,−1 :
Resonance (92) is characterized by the resonance-like increase in the value of χ ≈ 
2 ] −1 for (90)); that is, there is no resonance for χ.
For the modep 1,1 we get the following near-resonance solutions:
The function χ(δ) is not constant as δ → 0 for solutions (97) (χ ≈
. In two last cases due to the smallness of 1 − C V /C p it will be apparently difficult to observe χ near the resonance (δ → 0).
If we replace k 0 → ik 0 and ω 0 → iω 0 in formulas (87)-(92) and (93)-(98), we get the near-resonance solutions forp 1,−i andp 1,i , respectively (i ≥ 2).
We note that, according to (77) and (78), the quantitiesp 1,i andp 1,−i (i ≥ 1) should sharply increase also as c 2 2 C V − u 2 1,i−1 C p → 0 and c 2 2 C V − u 2 1,−i+1 C p → 0, respectively (in this case, there is no resonance for χ and otherp 1,±i ). For i = 2, this leads to solutions (89)-(91) and (94)-(96) (if we replace k 0 → (i − 1)k 0 and ω 0 → (i − 1)ω 0 in them, we get solutions for i > 2). Thus, each of solutions (89)-(91) and (94)-(96) corresponds to two closely located resonances. In order to distinguish them theoretically, we should find solutions directly at resonance points.
Main physical consequences
In work [17] , A.S. Rybalko mentioned the observation of a second-sound wave induced by an alternating electric field. However, this effect was not revealed in the recent experiment [32] .
We now consider the possibility of such effect and will elucidate what can be observed from the specific features found above.
In the presence of a weak field E 0 , the mode (2ω 0 , 2k 0 ) is the most intense from the modes (iω 0 , ik 0 ) (both for He I and He II). It is a density wave moving with the velocifty of light. For this mode, the frequency and the wave vector are two times larger than for the field E. From the hybrid modes (ω ± iω 0 , k ± ik 0 ), the modes (ω ± ω 0 , k ± k 0 ) are the most intense. Far from the resonances, they should be observable in the presence of a strong artificial phonon wave (or a thermal one, for He II) (ω, k). The phase velocity of a hybrid wave can be arbitrary (because the hydrodynamic velocities v s , v n are small in this case, there is no need to use the relativistic theory of superfluidity [40, 41] ). Near the resonances, the hybrid modes (ω ±ω 0 , k ±k 0 ) sharply increase, and the velocity of the first sound should substantially differ from its value without field E. We note that the hybrid modes at resonances are characterized by the phase velocity equal to the velocity of the first or second sound. It is natural that the energy of an electric wave easily transits into the energy of a hybrid mode, if this mode is an eigenmode of the system.
Consider the resonances for the modes (ω±ω 0 , k±k 0 ) for He II. The solutions corresponding to the second sound have the phase velocity u 1,±1 ≈ ±c 2 . These are solutions (89)-(91) and (94)-(96). They can be joined in pairs: (89), (94); (90), (95); and (91), (96). In each pair, the waves have the same wave vector, and the phase velocities of waves differ from one another only by a sign. The sum of such waves forms a standing wave (we also assume that the constants α for both waves are close; this is possible, if the system contains many thermal phonons or second-sound waves). The standing second-sound wave is stable, if its wavelength is λ = 2L/j, where j = 1, 2, 3, . . ., and L is the resonator length. Therefore, the following equalities must be valid: k 1,±1 = 2π/λ = πj/L, |ω 1,±1 | = c 2 πj/L. It follows from (89)-(91) that ω 0 = 2πjc 2 /L or ω 0 = πj(c 1 ± c 2 )/L. The account for the resonances for the modes (ω ± iω 0 , k ± ik 0 ) with i > 1 leads to the more general formulas: ω 0 = 2πjc 2 /(iL) or ω 0 = πj(c 1 ± c 2 )/(iL), i = 1, 2, . . .. However, all these resonances are suppressed by the factors c 2 2 C V − u 2 1,i C p in (77) and c 2 2 C V − u 2 1,−i C p in (78) which are close to zero at u 1,±i ≈ c 2 (the condition which should be satistied for the second sound). Possibly, the second sound was not registered in the experiment [32] just for this reason (in [32] , the frequency band ω 0 = 2πjc 2 /4L, j = 1 ÷ 8, including our theoretical frequencies 2πjc 2 /(iL) with j = 1, i = 1, 2, 3, 4, and other ones, was measured).
Such suppression is absent for the first sound. Therefore, the resonance waves of the first sound which arise in the field E = E 0 i z sin (k 0 z − ω 0 t) should be intense and observable.
For the first sound, u 1,±1 ≈ ±c 1 . From formulas (87), (88), (92), (93), (97), and (98), we get that the standing wave of the first sound with λ = 2L/j is possible for k 1,±1 = πj/L, |ω 1,±1 | = c 1 πj/L, ω 0 = 2πjc 1 /L (or ω 0 = πj(c 1 ± c 2 )/L). The account for resonances for the modes (ω ± iω 0 , k ± ik 0 ) with i > 1 leads to the following final formulas for He II:
or
where i, j = 1, 2, . . .. For He I, we have only relation (99). Apparently, only modes with i < ∼ 3 can be observed in weak electric fields. Thus, if the frequency of the electric field is close to (99) or (100), the acoustic detector should register the first sound at the frequency |ω 1,±i | = c 1 πj/L = iω 0 /2. For example, the frequency ω 0 = 2πc 1 /L corresponds to formula (99) with i, j = 1, or i, j = 2, and so on. In this case, the first-sound wave with ω = c 1 π/L, a weaker wave with ω = 2c 1 π/L, else more weaker wave with ω = 3c 1 π/L, and so on should arise. This is a prediction of our theory.
These resonances can be observed by means of the measurement of an electric signal, since the mode (ω ± iω 0 , k ± ik 0 ) must generate the electric field satisfying the equations [1] divD = 0, D = εE + 4πP s (101) (the last equation was obtained in [16] ). For an infinite system whose properties depend only on the coordinate z, Eqs. (101) have the solution D = D 0 i z , εEi z = D 0 i z − 4πP s i z , where D 0 = const. In view of (5), it is clear that the density wave must induce a wave of the field E with the same ω, k. Therefore, the resonance for a density wave (ω ± iω 0 , k ± ik 0 ) must be accompanied by the electric field E with the same frequency ω 1,±i and the same wave vector k 1,±i [see formulas (41) , (42) for He I and (87), (88), (92), (93), (97), (98) for He II; in order to get solutions with i ≥ 2 for He II, we should change k 0 → ik 0 and ω 0 → iω 0 in the formulas;
in this case, ω 0 is given by formulas (99), (100)].
It is of importance that the wave vector of a phonon at the zero boundary conditions is quantized by the law k = πj/L [42, 43] which coincides with the above condition λ = 2L/j for a standing wave of the first sound. Therefore, this condition should be necessarily satisfied.
The significant property is a change in the velocity of the first sound near resonances (42) (for i = 1), (39), (92), and (97). For those solutions, i = 1, and the quantity χ ∼ 1/δ increases strongly as δ → 0. Therefore, a deviation △c 1 of the velocity of the first sound from c 1 can be large: according to (35) and (83), △c 1 ∼ E 2 0 /δ. This means that, as ω 0 approaches the resonance frequency (99) with i = 1 and j = 1, 2, 3, . . ., the velocity of the first sound for He I and He II should be strongly changed, if k of a phonon is close to ck 0 /(2c 1 ) ≈ πj/L. For the second sound, χ ∼ 1 − C V /C p ; therefore, a similar effect should be suppressed.
We wrote no solutions for the resonances with large values of |k 1,i | [except for (40) ]. However, it is possible that they can be experimentally realized for very large λ of an electric wave.
Above we have found the solutions for eigenmodes of an infinite system, i.e., without consideration of the boundaries. We note that the one-dimensional field E = E 0 i z sin (k 0 z − ω 0 t) can be created only in a resonator with sizes L z ≪ L x , L y . Otherwise, the field E should depend on three coordinates [16, 44] , and the solutions should differ from the above-presented ones. Since the boundaries change the frequency of the second sound only by 2-10 % [20, 32] , we expect that the above-presented solutions for frequencies will not be strongly changed, if the boundaries are taken into account. If L z ≪ L x , L y is satisfied, then our solutions should be true with good accuracy.
If the solutions will be experimentally confirmed, it will be interesting to elucidate whether the relation a = 1 is satisfied.
Conclusion

